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Abstract
Within the context of the recently formulated classical gauge theory of rel-
ativistic p-branes minimally coupled to general relativity in D-dimensional
spacetimes, we obtain solutions of the field equations which describe black
objects. Explicit solutions are found for two cases: D > p+1 (true p-branes)
and D = p+ 1 (p-bags).
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The correspondence between relativistic strings and Maxwell-type fields constrained by
the condition ǫαβµνF
αβF µν = 0 was established many years ago [1,2]. The relations between
the string models and the gauge field description are established by the so-called Plu¨cker’s
coordinates [1,2].
Recently this correspondence has been extended to the case of higher dimensional objects
(p-branes) [3]. For membranes (p = 2) the corresponding gauge field description is in terms
of Kalb–Ramond-type fields [4]. The generalization to arbitrary p was also treated in Ref.
[3]. In the general case the curvature of the corresponding gauge field carries p + 1 indices,
each running over the full spacetime dimensionality D. We first briefly review the relevant
results of Ref. [3], and then show how singular solutions of the field equations arise in this
formalism.
The theory of relativistic closed p-branes minimally coupled to general relativity (GR)
is well known to be described by the generalized Nambu-Goto action,
SNG = −ρp
∫
dp+1σ‖X˙‖ , (1)
in which
X˙µ1,...,µD ≡ ∂1Xµ1 ∧ ... ∧ ∂p+1Xµp+1 ;µi = 0, 1, ..., D − 1 , (2)
is the tangent vector to the world hypersurface,
‖X˙‖2 = −1
(p+ 1)!
X˙µ1...µp+1X˙ν1...νp+1gµ1ν1...gµp+1νp+1 , (3)
where Xµ(σ) are the p-brane coordinates (embeddings) and gµν is the spacetime metric. ρp
is the hypersurface tension.
In Ref. [3] the above theory is shown to be equivalently described by the following
(classical) gauge theory spacetime action
S = −λ2
∫
M
dDx
√−g ‖W (x)‖+ 1
(p+ 1)!
∫
M
dDx
√−g W (x) · F (x)
− 1
16πGN
∫
M
dDx
√−gR(x) , (4)
2
where M is the D-dimensional spacetime manifold, and Fµ1...µp+1 = ∂[µ1Bµ2...µp+1] is the to-
tally antisymmmetric gauge field strength with potential Bµ2...µp+1. Wµ1...µp+1 is an auxiliary
field related to the p-brane coordinates as follows [3]
W µ1...µp+1 =
m√−g
∫
dp+1σδ(D)(x−X(σ))X˙µ1...µp+1(σ) ,
= mJµ1...µp+1 , (5)
where m is a constant with dimension LD−p−3 and Jµ1...µp+1 is the p-brane current.
Varying the action (4) with respect to W,B and g, we arrive at the following field
equations,
∂µ1 [
√−gW µ1...µp+1] = 0 , (6)
Fµ1...µp+1 = −λ2
Wµ1...µp+1
‖W‖ , (7)
and
Rµν − 1
2
gµνR = 8πGNTµν , (8)
in which we defined
Tµν ≡ −2δLmatter
δgµν
+ gµνLmatter
=
λ2
p!
W
µ2...µp+1
µ Wνµ2...µp+1
‖W‖ . (9)
Notice that to arrive at Eq.(9), use has been made of the field equation (7). Using Eq.(5)
for the p-brane current, the on-shell energy-momentum tensor Tµν of the p-brane can be
rewritten as,
Tµν(x) =
λ2m√−g
J
µ2...µp+1
µ (x) Jνµ2...µp+1(x)
‖J‖
=
λ2m√−g
∫
dp+1σ
X˙
µ1...µp+1
µ X˙νµ1...µp+1
‖X˙‖ δ
(D)(x−X(σ)) (10)
displaying the equivalence of both descriptions [3].
A straightforward calculation [3] shows that the p-brane energy-momentum tensor con-
servation is equivalent to the p-brane equations of motion,
3
∇µTµν = 0 ,
⇔ [m, 2, ..., p+ 1] ∂m
[∂2Xµ2 ...∂p+1Xµp+1X˙νµ2...µp+1
‖X˙‖
]
= 0 , (11)
where [1, ..., p + 1] is the totally antisymmetric tensor in the world hypersurface of the p-
brane.
Our goal is to find singular spacetime solutions to the field equations (6)-(8), and as
we show below it is possible to extract such solutions from the gauge theory formulation of
p-branes.
We assume the following ansatz for the D-dimensional spacetime metric (D > p+ 1),
ds2 = −e2Φ(r)dt2 + e−2Φ(r)dr2 + r2dΩ2p−1 +
D−1∑
i=p+1
dx2i , (12)
so that,
gµν =

 g˜αβ 0
0 δjk

 ;

 α, β = 0, 1, ..., p
j, k = p+ 1, ..., D − 1

 . (13)
Clearly this ansatz describes a spacetime composed of the direct sum of a p+1-dimensional
Schwarzschild–de Sitter spacetime and a (D− p− 1)-dimensional flat Minkowski space. For
a spacetime partitioned in this way a solution of Eq.(6) can be constructed as follows,
W µ1...µp+1 =
−c√−g˜ [µ1...µp+1] ; (µi = 0, ..., p) ;
= 0 ; (µi > p) , (14)
in which the totally antisymmetric tensor is defined as ,
[α1, ..., αp+1] ≡


+1 even perm. of α1, ..., αp+1
−1 odd perm. of α1, ..., αp+1
0 otherwise


. (15)
In curved spacetime the Levi-Civita tensor is given as [5]
ǫα1...αp+1 =
√
−g˜ [α1...αp+1]
ǫα1...αp+1 =
−1√−g˜ [α1...αp+1] . (16)
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Since det |gµν | = g = det |g˜αβ| = g˜, we have
W µ1...µp+1 = cǫµ1...µp+1 ; µi = 0, ..., p
= 0 µi > p
F 2 = −λ2(p+ 1)! . (17)
The Levi–Civita tensor satisfies the relation ǫαµ2...µp+1ǫβµ2...µp+1 = −p!δαβ , (α, β = 0, ..., p), so
the p-brane energy-momentum tensor is
Tµν = −λ2cgµν ; (µ, ν = 0, ..., p)
= 0 (µ, ν > p) . (18)
The Einstein field equations now read
Rµν − 1
2
gµνR = −Λgµν ; (µ, ν = 0, ..., p)
= 0 ; (µ, ν > p) , (19)
in which the classical p-brane induced cosmological constant Λ is given as
Λ = 8πGNλ
2c . (20)
A singular solution of Eq.(19) is the Schwarzschild – de Sitter black hole in (p+1) dimensions,
g00 = −e2Φ(r) = −
[
1− κ
rp−2
− 2Λr
2
p(p− 1)
]
. (21)
The parameters κ and Λ determine the position of the two horizons which are present in
such a spacetime. However, because the solution is actually embedded in D-dimensional
spacetime with a flat (D − p − 1)-dimensional Minkowski subspace, it actually describes
a black (D − p − 1)-brane in D dimensions. Black p-brane solutions have previously been
constructed in gauge theories (such as the Kalb–Ramond field) minimally coupled to general
relativity [6]. Given the present (classical) equivalence between the p-brane and gauge field
formulations, it is therefore not surprising, although reassuring, to be able find black p-branes
in the latter formulation.
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In the analysis above we have stipulated that D > p + 1. The case D = p + 1 (p-bags)
must be treated seperately. The hypersurface dimensionality of p-bags is the same as the
dimensionality of the spacetime in which it is embedded and so the embeddings X(σ) are
pure general coordinate transformations. By definition a p-bag is an open object [3], so the
gauge theory action Eq.(4) is no longer complete. There is an additional term which takes
into account the coupling of the gauge potential to the boundary current. The term which
must be added to Eq.(4) is of the form
Sbd =
f
(D − 1)!
∫
M
dDx
√−gBµ2...µDJµ2...µD
− 1
2πα′D
∫
∂U
dD−1σ
√ −1
(D − 1)!X˙
µ2...µDX˙µ2...µD , (22)
in which Jµ2...µD is the boundary current with coupling strength f and ∂U stands for the
boundary of the p-bag (p = D − 1). The matter field equations are now
∂µ1 [
√−gW µ1...µp+1] = −f
(D − 1)!J
µ2...µD (23)
−λ2Wµ1...µp+1
‖W‖ = Fµ1...µp+1 , (24)
and
[1, ..., D − 1] ∂1
[
X˙µµ3...µD
∂2X
µ3 ...∂D−1X
µD
‖X˙‖
]
=
−f
(D − 1)!Fµµ2...µDX˙
µ2...µD . (25)
The solution of the field equations (Eqs. (23),(24)) are then [3]
W µ1...µp+1 = ǫµ1...µp+1[c− fΘU(x)] , (26)
and
Fµ1...µp+1 = λ
2ǫµ1...µp+1 , (27)
in which ΘU(x) is a generalized step function defined as
ΘU(x) = 1, x inside ∂U
= 0, x outside ∂U . (28)
6
Inserting the solutions Eqs.(28)-(29) into the full action yields GR with a cosmological
constant [3]
Stotal =
−1
2πα′D
∫
∂U
dD−1σ
√ −1
(D − 1)!X˙
µ2...µDX˙µ2...µD
− 1
16πGN
∫
M
dDx
√−g
[
R(x)− 2ΛΘU(x)
]
. (29)
The cosmological constant in the expression above is non-vanishing only in the interior region
of the p-bag and is related to the boundary coupling strength by
Λ = −8πGNfλ2 . (30)
As for the p-brane the p-bag system possesses spherically symmetric, D-dimensional black
hole solutions. In the region exterior to the p-bag the solution is the usual Schwarzschild
black hole
gout00 = −
[
1− κ
rD−3
]
; r > rU , (31)
where rU is the position of the boundary. The interior solution has a cosmological constant,
so the solution is Schwarzschild–de Sitter
gin00 =
[
1− κ
′
rD−3
− 2Λr
2
(D − 1)(D − 2)
]
; r < rU . (32)
These solutions are readily derived from, e.g., the (0, 0)-component of the Einstein field
equations
∂2rg00 +
(D − 2)
r
∂rg00 − 4Λ
D − 2ΘU(r) = 0 . (33)
Continuity of the metric at the p-bag boundary requires the relationship
gin(r = rU) = g
out(r = rU) , (34)
from which we find
κ = κ′ +
2ΛrD−1U
(D − 1)(D − 2) . (35)
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This relation shows that observers inside the bag will measure a different mass for the black
hole than that measured by observers outside the bag. The cosmological constant due to
the bag boundary generates a mass “renormalization”. In this system the metric tensor is
continuous across the boundary, but the curvature tensor is not. Notice finally the confining
property of the gravitational potential inside the bag.
The generalization of the results presented here to the case of charged and dilatonic black
holes can be obtained by adding the appropriate terms [7] to the action in Eq.(4).
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